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Abstract 

Institutions formalize the intuitive notion of logical system, including both syntax and seman- 
tics. A surprising number of different notions of morphism have been suggested for forming 
categories with institutions as objects, and a surprising variety of names have been proposed for 
them. One goal of this paper is to suggest a terminology that is both uniform and informative 
to replace the current rather chaotic nomenclature. Another goal is to investigate the properties 
and interrelations of these notions. Following brief expositions of indexed categories, twisted 
relations, and Kan extensions, we demonstrate and then exploit the duality between institution 
morphisms in the original sense of Goguen and Burstall. and the ’plain maps” of Meseguer. ob- 
taining simple uniform proofs of completeness and cocompleteness for both resulting categories; 
because of this duality, we prefer the name “comorphism" over “plain map.” We next consider 
“theoroidal" morphisms and comorphisms. which generalize signatures to theories, finding that 
file “maps” of Meseguer arc theoroidal comorphisms. while theoroidal morphisms are a new 
concept. We then introduce forward” and “semi-narural” morphisms. and appendices discuss 
institutions for hidden algebra, universal algebra, partial equational logic, and a variant of order 
sorted algebra supporting partiality. 


1 Introduction 

Many different logics are used in computer scieiiceT including (mary variants of) first, ordeiT higher 
ordeiT Horn clauseT type theorethT equationalT temporalT modairand infinitary logics. To cap- 
ture the fact that many general results about logics do not depend on the particular logic chosenF 
Goguen and Burstall [2D] developed institutionsT formalizing the notion of a logical system with 
varying noil-logical symbols (sets of such symbols are traditionally called “signatures" in this field). 
The main ingredient of an institution is a satisfaction relation between its models and its sentences T 
an abstract form of Tarski’s classic semantic definition of truth [TOjTand the main requirement is 
that this relation should be consistent with respect to signature morphismsT whiii intuitively means 
that satisfaction is invariant under change of notation. The formalization only assumes abstract 
categories (or classes) of signal uresT seitences and modelsT without assuming aiy particular struc- 
ture for them; the covariance of sentences and contravariance of models under signature morphisms 
is captured by appropriate functors. 

Many papers have been written on institutionsTboth theoretical and appliedFin the twenty 
years since the earliest formulation [5T 6]; for exampleT institutions Ive been used to study lambda 
calculusT second order logicT and nugn variants of equational logicT modal logicT higher order logitT 
and first order logic. The main original paper on institutions [29] already contains several significant 
resultsT including a mmber of equivalent definitions for institutionsT cocornpleteness for categories of 
theoriesr colimit preserution for the functor on theories induced by a signature morphismT a theory 
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of roust rail its ( imliii ling li v<-rn s.s ;i in I gnut ‘at ion < < >nsf i ainlsl ;i iming oi hr is ) 1 ’ skum .1 wavs t d* building 
i ir vv i list it i if ions from o|< 1 1 ;ni<| < In lint ion ;ls sn|i airr n lorpli isms I srr tin* < I isnissioii a I'trr I )rli nitioii 
11)1 despite an appaivilly rommon brim I that institutions <lo not handle de< I net ion. A mom; other 
examples! Mosses showed that 1 1 is unified algebra is an institution M7j FGoguen showed that (his 
original version of) hidden algebra is an institution [2. r >]F Rqu gave an institution For order sorted 
lotdr [o2jl and Mossakowski gave a hierarchy of institutions for total!' partial and order sorted 
logics [ ha]. One important application of institutions is a uniform approach to modularization 
Idr specifications: in fact! this was a major motivation [5F 27T 29]: anion*;' many papers on this 
topic! we mention [1ST 83] and [o<i]F which all add inclusion systems to institutions. Much other 
interest ini; work with institutions has been done bv Tarlecki [b2Fb3F (> 4F boT fi7 if Saimella and 
Farlecki [->8r 59T fiOd C. erioli [/]! Mos^nkiki [-47> j r and Diaconescu I9F 141 lojl among others: [(>7 
in particular is an important paper with goals and results similar to those of this paper. Burstall 
and Diaconescu [4] generalize ’‘hiding” from algebra to an arbitrary iustitutionT and apply this to 
both many sorted and order sorted algebra. 

Many variations on the institution concept have appeared. For exampleTMayoh introduced 
“galleries [42] F which Gogtien and Burstall extended to “generalized institutions** [28 [Fallowing 
non-Boolean values for satisfaction. Poigne’s "foundations” and "rich institutions” , r 50] further ab- 
stracted institutions by re(juiring that sentences form a fibrationr although this gets vrv complex: 
Fiadeiro and Sernadas [2.5] introduced “T-institutions and Meseguer [43] studied "general logicsT 
each combining institutions with classical entailment relations: [43] is a gem that contains many 
interesting ideas. Salibraand Scollo introduced "pre-institutions” [57T where the "iff*” in the satis- 
faction condition is split into two implicationsF whit are then studied separafelyr conbinedr or both 
dropped: EhrigT Orejasc/ 1 al. introduced "specification logics” [22 i T whifa are indexed categories of 
modelsF with no sentences: Cazanescu introduced “truth systems* [lljTa sort of compromise be- 
tween institutions and chartersF allwing inference in a designated model: and Pawlowski introduced 
"context institutions [49] to deal with variable contexts and substitutions. Diaconescu introduced 
“many sorted institutions [1 9] T which assign a sort set to each signal, urcr and Grothendieck (or 
fibred) institutions [20] T which combine multiple institutions in a single structure: the Fitter w*is 
developed tor the semantics of the CafeOB.J language [21]. Section 3 of this paper introduces the 
"close variants of the institution conceptT whifa share its mathematical properties. 

Although the variants of institution all have interesting propertiesFand are no doubt worth 
studyingTsome can be seen as special kinds of institution^ and the others have close natural 
relationships to institutions. It seems to us that the original institution concept captures the essence 
of logical systemT whifa is the intimate dance between syntax and semanticsr including deduction. 

We feel that most structures that weaken the institution definition are somehow pathological 4 . 
There are tendencies both to focus on syntax at the expense of semanticsr and on semartics at the 
expense of syntax; the first occurs especially in intuitionistic logic and type theoryF while the second 
is more common in computer science. This paper treats institutions in the original senseT believing 
that most concepts and results are easily adapted to the variant notions. (HowevvrTthe notions 
of charter and parchment [28] formalize genuinely different notionsTthough still closely related to 
institutions.) 

Over the hist fifteen yearsT there have been even more variations on institution morphisnxs 
than on institutionsFeven discounting those that {ire adaptations of morphism concepts to other 
institution-like formalisms; moreoverT these notions hare been given many different namesT includ- 

3 E.g., [28] shows that the “T-institutions” of [23] are really institutions. 

For example, the main example used to motivate the “pre- institutions” of [57] is an unnatural version of hidden 
algebra where the morphisms fail to preserve all the relevant structure. 
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hig i in u p! i ism l 1 1 1 1 1 [ j I mapping! i ndingFriirndiiigFivpirsrnlul iniiFn pi i'srnia .1 i<ui map I Vm I ><•<!< I i E" 
simulation! t r.insfi >rin.it ion I and morel most, of which tin little or nothing to surest (licit nature. 

I Ills paper tries to hr ini*; some order to this <iia.< >s by exploring their properties ami re I; it ionshipsT 
and by introducin'; names that surest their meaning. (4oguen and Uurstnll introduced "mor- 
phisms [2!)][ which are perhaps tin 1 most naturall\since they inclmle structure forget t itig (and 
hence embedding or representation): hut, because institution morphisms in this sense do not cap- 
hire all the important relationshipsP researhers have introduced many variants. Perhaps the most 
important of these is dual to institution morphisms! irlroduced hy Meseguer [42] under the name 
‘plain map: this was later renamed ’’representation by Tarklecki [ h 7j and "plain representation 
by Mossakowski [45>rbut because of the < Inal itvT we prefer the name nnnurphism. C’erioli intro- 
duced the special case of "simulations [7] T firlecki introduced '( odiums'* [(jt> j T a further wakcningF 
and Meseguer introduced "simple institution maps [43] T whit generalize comorphisms by mapping 
signatures to theories: some variationsT including "‘eonjnuctie maps’* which take a sentence to a set 
of sentences T wre studied by Mossakowski [45] T who with Kreiwski also introduced "embeddings of 
institutions [38] T to formalize equiulence of logical frame' works: Sannella and Tarlecki introduced 
"semi-morphisms [GIT G7]F whit only have modelsT for relating specification and impleineiiation 
languagesT and Salibra and Scollo irlroduced ''transformations’ 4 [57]T whifc map models to sets of 
models. Diaconescu introduced "extra theory morphisms [15] tor the semantics of mult iparadigm 
languages like CafeOBJ [1(5]. It, is very helpful to look at examples to gain an understanding of this 
rocky terraiuT and w shall often do so. 

We had originally hoped to survey and systematize all the distinct notions of morphism for 
institutions in the original senseT but we found even this limited goal impractical at less than 
monograph length: however!" we do hope to have covered the most important notions. Section 2 
gives brief expositions of indexed categories!" tvisted relationsT and Kan extensionsT follued in Sec- 
tion 3 by several equivalent definitions for institutions and their close variantsT especially as functors 
from signatures to twisted relations: a subsection considers '’inclusive institutions!" * whi<h are in- 
stitutions with inclusions. The functor formulations allow easy proofs in Section 4 for completeness 
and cocompleteness results: we also advance the hypothesis that morphisms are in general more 
natural than romorphisms. Section 5 considers "thooroidal" morphisms and comorphismsrwhich 
generalize from signature morphisms to theory morphisms: what we call theoroid.il romorphisms 
w'ere introduced by MesegueiT while theoroidal morphisms appear to be a new concept. Section 6 
introduces the new notion of forward morphismT while Section 7 considers semi- natural morphisms 
and coniorphismsr which weaken morphisms by removing one naturality condition. A summary 
of the paper appears in Section 8T along with a list of some open problems. Appendices A and 
B discuss partial equational logicTa variant of order sorted algebra that supports partialityT their 
corresponding institutionsTand an appropriate morphism between them; Appendix C gives two 
institutions for hidden algebral 1 and Appendix D ill reduces a new abstract institution for universal 
algebra. The institutions in these appendicesT which draw on the authors’ prior work on more 
concrete applicationsT are used in examples in the body of this paper. 

Dedication This paper is dedicatedT most warmly and respectfullyT to Prof. Rod Burstall on 
the occasion of his retirement from the University of Edinburgh. Rod w;is the cofounder of the 
institution of institutions and has always been an enthusiastic supporter of its further development. 

He is also a very close and very dear friendTand one of the most insightfuirkind and intelligent 
people we have ever known. We salute his very distinguished pastT and ve wish him every success 
and happiness in his future. 
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2 Preliminaries 


YVr assume tin' n *ad«T (amiliar with basic categorical < ■< > n < ‘ t • j ) t. .s T i i m * 1 1 1 * I i 1 1 ^ limit, si Tolimitsl functor 
categories! and ;u [ joints. YVr usr semicolon lor morphism composit ionl' written in < liagruiumatic 
or<IrrI that is! if : .1 — > B and //: B ( ' are morphismsT thru / ; // : .1 — * C is their composition. 
YYr Irt Ciu.b) denote tlir morpliisms a —> b in a category CV and w N't. |C| denote the objects of 
C: also we use (or vortical composition of natural transformations and T for their horizontal 
composition. The reader is assumed familiar with the fact, that Cat l ami thus also Cat'll and Set 
are both complete ami cocomplete [!()]. 

2.1 Indexed Categories 

Institutions!" with their variation of syntax and semantics over signatures of noil-logical symbols!" 
are ail instance of a general categorical notion capturing structures that vary over other structures. 
Let Ind be any categoryFwith objects called indices. 

Definition 1 An indexed category is a functor C: Ind op -> Cat: when i € (IndJTwe may 
write C, for C (/). Given an indexed category Cr thenFlat(C) is the category having pairs (iai) as 
objects T wherw is an object in Ind and a is an object in C,T and haring pairs (a. /) : (i.a) -> (i'.a') 
as morphismsT wherec* 6 Ind(z. Oand f €C,(a.C a (u')). ■ 

The following gives sufficient conditions for the flattening of an indexed category to be complete 
or cocomplete 

Theorem 2 If C : Ind op -4 Cat is an indexed category. then: 

1 ■ U I n d is complete, if C, is complete for each i G |Ind|. and if : Cj -4 C, is continuous 
for each a: i —+ j. then Flat(C) is complete . 

2. If Ind is cocomplete, if C, is cocomplete, for each i G |Ind|. and if C n : C, -4 C t has a left 
adjoint for each a: i -4 j. then Flat(C) is cocomplete. 

Given an indexed category C : Ind op -4 CatTclefine the indexed category C op : Ind" p -4 Cat 
fr.Y ^ i P ls (C t ) op and OT: C^ p -4 C“ p is (C a ) fjfp for a G Ind(z.j). The following is direct from 
Theorem 2T but is w>rth stating explicitly because it is so easy to become confused by the dualities 
involved: 

Corollary 3 If C : Ind op -4 Cat is an indexed category , then: 

/. If Ind is complete, if C t is cocomplete for each i G |Ind|. and ifC a : Cj -4 C t is cocontinuons 
for each a : i — > j , then Flat(C op ) is complete. 

2. If Ind is cocomplete , if C, is complete for each i G |IndJ. and if C n : Cj -4 C, has a right 
adjoint for each a: i -> j. then Flat(C op ) is cocomplete . 

2.2 Functor Categories and Kan Extensions 

Given categories T and STlet T s denote the category of functors from S to T having natural 
transformations os morphismsTand for any functor $ : S -4 STlet T* : T s — > T s denote the 
functor defined by T*(/') = <£; V for a functor V : S' -4 TTand by T*(cr) = 1<* ; a for a natural 
transformation cr: /' => JT where /', J 1 : S' -> T are functors. Also let T-: Cat 0 ? -4 Cat 
denote the functor that takes a category S to T s and a functor <I> : S -4 S' to T*. Note that 
T- : Cat op — 4 Cat is an indexed category for any category T. 
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Proposition 4 If T is coniplrtc fcoromplrtr ) thro ts (‘omplctc ( rui ’o w ph t r ) for uni/ t titctpyn/ 
S. and T 1 is conttn nous (coconhrtnous) for uni/ functor < [ > : S — 4 S'. 

Proof: Hint: Limits (colimits) i 1 1 T s an* built, ‘pomtw'iso" [lOjl 1 [>. 112. □ 

Definition 5 Given hmetors <[> : S S' ami / : S — ► TTa right Kan extension of / along 
<E> is a pair containing a functor /' : S' -r T ami a natural transformation // : ( 1>; /' => I which is 
universal from T ^ to IF that isT for «vv ./' : S' —? T ami //' : <{>; J f ^ I there is a unique natural 
transformation a : ./' => V such that /// = (1^ DuallvTa left Kan extension of / along 

<I> is a functor /' : S' — > T ami a natural transformation /i : I => <!>:/' which is universal from I 
to T*H tliat isflor every ./' : S' T ami /i : I => there* is a unique natural transformation 

<r : /' => ./' such that /d = /i: ( 1^ ; a). ■ 

Tlie rest oi this section contains general categorical results that are used later in the paper: the 
first may be found in [40]. 

Proposition 6 Given a small category/ S. then: 

1. If T is complete then any functor / : S — > T has a right Kan extension along any 4> : S — t S' 
and T* has a right adjoint. 

2. If T is cocomplete then any functor /: S — » T has a left Kan extension along any : S — » S' 
and T <J> has a left adjoint . 

Theorem 7 T~ contrarariantly lifts adjoin ts to functor category adjoint s. 

Proof: Hint: If (<£. <]>'. 77. e ) : S — * S' is an adjoint (with <!>' a left adjoint to ^iTthen so is 

(T*' -T* -T" -T*) ■ T s -+ T s 'r where W n )r = 17 : 1 r and (T € ), = e ; 1/ for all functors I: S -> T 
and/': S' -tT. □ 

Then using the same notationT ve have: 

Corollary 8 V . I) ~ 7Vat(/L /). naturally in both I and /'. More precisely, a rmtural 

transformation p : <&;/'=>/ //oes fo (a/; 1 /'):(!$' J /x) and conversely, a natural transformation 
f-i 1 : I f => / floes to ( 1<$ ; //); (e ; 1/). 

2.3 Twisted Relations 

Twisted relations were introduced in [29] and further explored in [54]: 

Definition 9 Let Trel be the category of twisted relationsT with triples(,4. 71. B) as its objectsr 
where A is a category!? 5 is a set and TZ C \A\ x Z?r and with pairs(Ftf) : (A.TZ. B) {A*. 7 Z f . B') 
as its morphismsr whereF : A* -+ A is a functor and g : B B f is a function such that the diagram 

1^41 — 5 

F 9 

M'l — B‘ 

conimutesr in the sense that for ay a 1 € |A'| and b € BV w have a'TZ'g(b) iff F(a')1Zb. ■ 
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I hrrr ;tn* lour natural variants nf this d» i liiutioiiF;ui.siiig from tin* four choices of our of sets or 
categories for tin* left and right components of tin* triples: let us call these f hr original variantsF 
siurr they already appear in [2!)[. I hose variants where the right eomponenf, is category- valued give 
ris<‘ to institutions that, allow deduction! whereas those where the left romponeil is category* valued 
niiv'e rise to institutions that allow morphisins of models (see the diseussion after Definition II). It 
is not hard to see that the following holds for all four of the original variantsF generalizing tin* proof 
given in [•>}]: 

Proposition 10 Trel is both oomph' to amt (‘ocom phto. 

3 Institutions 

H<t»> K i willy is tin; nwiiu basic concept of this paper: 

Definition 11 An institution I = (Sign. Mod. Sen. ^=) consists of a category Sign whose objects 
jire called signatures^ functor Mod : Sign -> Cat 0 ? giving for each signature E a category of 
E-modelsTa functor Sen: Sign —r Set giving for each signature a set of S-sentencesTand a 
--indexed relation |= = {(= r | E € Sign} with (= r C |Mod(E)| x Sen(E)r.sueh that for any 
signature morphism : E — > ET the following diagram conniiutesr 

E |Modi E)[ — Sen(E) 

\ 

r i Mod; c 1 Sem 'f 

i ' ! 

E' | Mod i E')| Sen(E') 

that isT the foilwing satisfaction condition 

m* Sen(^)i/) iff ModM(m') f 

holds for all m' £ |Mod(E')| and / £ SeniE). ■ 

We often write only ip instead of Sen( r ') aiul instead of Mod (v?): the functor is called 

the reduct functor associated to (p. With this notationT the satisfaction condition becomes 

m ' Ns' <f(f) iff rri f v , (=£ / . 

We also use the satisfaction notation with a set of sentences F on its right sider letting m ^=r F 
mean that ni satisfies each sentence in Fr and further extend this notation by letting F F f 
mean that m |=v F f for any E-model m with m \=r F. We may omit the subscript E in when 
it can be inferred from context. The closure of a set of E-sentences Fr denotedF*r is the set of all 
/ in Sen(E) such that F f=s /. The sentences in F # are often called the theorems of F. Closure 
is obviously a closure operatorr i.eT it is extenshT monotonic and idempoteit. 

There are four natural variants of the definition of institutionr arising from choosing one of 
Cat or Set for the targets of the functors Sen and ModF being sure that the target of Mod 
is dualizedFto remain contravariant; since these already appear in [29]Twe again call them the 
original variants. The two variants where Sen is Cat- valued allow deduction via morphisms 
among sentences (as advocated for example by Lambek and (Phil) Scott [39]) with conjunction 
appearing as categorical product. In case the category is a partially ordered setTits morphisms 
can represent an entailment relation; let us call this an entailment variant. Let us write / /' 
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when then* is ;i m« uphism in Sen(L) hom / to j* . But 1 1 1 # ■ i » * is no reason to restrict to such 
variants; we could instead use multicategories ;is advocated by Meseguer ( t . > j with their forgetful 
functor to sets!’ or ary other appropriate such structure! ' alhwing proofs to he represented. Notice 
that the notation / u f f still makes sense for nou-entnihuent variautsF although it elidi'S the specific 
proof. I wi.sf.ed relations are easily adapted to such variants Fas are Proposition ID and the later 
completeness results that I > i tild upon it. We will informally call these!' ami ary other variants that 
arise just by substituting other appropriate functors into the twisted category definitiouF tln'dose 
variants of the institution concept F because technically they proceed in the same way. A yet 
more categorical definition of institution is given in [29]F taking r he target, categories to he comma 
categories constructed to he twisted relation categories: general properties of comma categories 
then replace arguments about twisted relations. 

Example 12 We briefly discuss sonic institutions that arc especially relevant to this paper. 

1. Classical unsorted equational logicT the institution of which we denote ELF goes back to 
Birkhoff [2]: it is the one sorted special case of the many sorted equational logic discussed in 
the next item. 

2. Many sorted equational logicTthe institution of which we denote MSELTwas first shown to 
he an institution in early drafts of [29]. Here signatures and algebras are the usual overloaded 
many sorted signatures and algebras (hut we do allow empty carriers ) T which go back to 
Goguen [24]: sentences are explicitly universally quantified pairs of termsT and satisfaction is 
defined in the obvious way. Proving the satisfaction condition does take a hit of work (see 
[291 T hut as with marv other exampIesT this can he alleviated ly using charters [2Nj. 

3. Order sorted equational logicTthe institution for which we denote CSELT has overloaded 
order sorted signatures and algehrasTwith explicitly universally quantified pairs of terms as 
sentencesT and with the ofyious satisfaction: see e.g. [30] for details. The first proof that this 
is an institution w<is probably given by Han Van [71] for a case that also included so called 
sort constraints: see also the proofs in [52] and [45jrnoting that there are many variants of 
order sorted algebra [30]. 

4. Among the many variants of first order logicT we first mention the one with many sorted 
function and predicate symbols in its signatureT plus of course the usual logical synbols and 
the models (though w*e allow empty carriers): let MS POL denote this institutionF and letFOL 
denote its unsorted variant; proofs for their satisfaction conditions are sketched in [29]. 

5. Many sorted first order logic with equalityr denotedMSPOLEFenriches MSPDL by allowing 
equations as atomsT rather than just predicates: a proof that this forms an institution is 
sketched in [29]. The unsorted special case is denoted POLE. 

6. Many sorted Horn clause logic is the same as MSPOL except that only Horn clauses are 
allowed as sentences; let us denote this institution MSHCLTits unsorted variant by HOT its 
variant with equations as additional atoms MSHCLET and its unsorted nriant with expiations 
as atoms HCLE: proof sketches again may be found in [29]. 

7. Partial equational logicr denotedPELFis discussed in Appendix A. 

8. Supersorted order sorted equational logicT denoted0SEL : T is discussed in Appendix B. 

9. Two hidden equational logicsT denotedHELi and HELoT ore discussed in Appendix C. 

Of course there :ire many many other examples T some of whih have a very different character. ■ 




3.1 Some Basics of Institutions 

We review some basics from [2!)]: 


Proposition 13 For any nuirphtsm p : E — > E ; and sets F. F* of ^1-scntrncrs: 
l. Closure Lemma: tpl F* ) C p(F)*: 

J. v(FT = v?(F)V 

(Purr = (Fup) # . 

Definition 14 A specification or presentation is a pair (E. F) where E is a signature ami F is 
a set of E-sentences. A specification morphism from (E. F) to (I!'. F') is a signature morphism 
p : E — » XT such that ^(F) C F ' m . Specifications ami specification morphisms give a category 
denoted Spec. A theory (E. F) is a specification with F = FV the full subcategory of theories in 
Spec is denoted Th. ® 

The inclusion functor U : Th — > Spec is an equivalence of categoriesr having a left-adjoint- 
left-inverse T : Spec — > ThTgiven by JF(E.F) = (E.F # ) on objects and identity on morphisms: 
note that T is also a right adjoint ofZVFso that Th is a reflective and corefleetive subcategory of 
Spec. It is also known [29] that Th is cocomplete whenever Sign is cocompleter and thatTh has 
pushouts whenever Sign does. The following construction for pushouts in Th is a special case of 
the general colimit creation result proved in [29]: 

Proposition 15 For theory morphism# p\ : (E.F) — ► (Ei . F\) and p 2 : (E.F) — *■ E> -F_>i. if 


E> • S' 


is a push out. in Sign, then 

H I " 1 

(E 2 .F 2 ) — — (E'.n 

is a pushout in Th, where F' = (<p\(Fi) U <^ 2 (^ 2 ))*- 

Definition 16 A theory morphism ip: (E. F) — > (E'« F') is conservative iff for any (E. F)- model 
rn there is some (S'. F')-model m* such that m 9 f^= m. A signature morphism p: E -> E' is 
conservative iff it is conservative as a morphism of void theoriesr i.e.p: (E.0 # ) (E'.0' ). I 

The following is not difficult to prove (see [56]): 

Proposition 17 Given ip: E — > E' ? / € Sen(E) and F C Sen(E), then: 

1. F (=v / implies ip(F) j=Ty ¥?(/)• 

2. If <p is conservative, then F j=v f iff <p(F) (=r> </?(/). 
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Tin * iH’xt result (explicit. in [->!] for f.ln* notion of insl itulion in Definition III and implicit, in 
[29|) sa,vs r. h;tf. an in.stit.nl ion over ,i category of signatures Sign ' an la* regarded as a functor with 
target Trelf and roe eersa: this also holds lor the close variants ol the institution and twisted 
relation concepts (when they are appropriately correlated). Theorem 2(> extends this result from 
objects to niorphisms and eomorphisms. 


Proposition 18 77/ ere is a bijertum (t.e.. a om -to-one correspondence between ('lasses .) between 
institutions orer Sign and June tors Sign Trel. 


Every institution ( Sign. Mod. Sen. j=) has an associated functor Sign — > Trel taking a signature* 
E E | Sign | to the triple (Modi E). \=z- Sen! E)) Tand taking a signature morphism ^ : E — ► E to 
the “twisted** morphism {Mod( ^). Serif + )) : and moreoveiTevery functor / : Sign Trel has an 
dissociated institution ( Sign. Mod. Sen. j=) such that if /(E) = .4 ^ . JZ ^ } F thenMod(E) = 
SenfE) = Br and t=^= 7vvT and suh that for a signature morphism j : E — ► ET if7 1. g') = (F^.g^)F 
then Modi v?) = FE and Sen(gr) = // r ,. Therefore we can use the tuple and functor notations 
interchangeably for institutions. 


An institution where the Sen functor is category- valued is said to be complete iff for any two 
E-sentences /. /T w have , , 

fh z s iff / hs / ■ 


We can define compactness in the same styleF prodded Sen(E) has suitable extra structureT suh as 
that of an infinitary multicategory 0 : din institution is compact iff whenever / hr /' then /o u n / 
for sunn* finite /,) C /. 


3.2 Inclusive Institutions 

In many categories!" among the monies are some especially simple and natural maps which mav 
be called inclusions. Although many professional category theorists dire loathe to consider themT 
because of their desire to identify tilings that are isomorphicT inclusions dire in fact ;i natural concept T 
the use of which can greatly simplify some applicatiousFespecially where syntax is the object ot 
study. For examphT w really do prefer a subsifjnature to be given by din inclusionr so that the exdict 
same symbols dire involved; and the same holds for modules in both programming and specification. 
At the end of [29] F axiomatizing and then exploiting inclusions for modularization wus listed among 
the open problems. A first solution wdis given in [18] with the formal notion of inclusion systemT 
.which was then used to significantly simplify the semantics of module systems over an institution. 
The abstract notion of inclusion system was further studied and simplified in a series of papers 
[3?r I2T 13T 53}4ere we briefly summarize the current stater and slctch some applications. 

There is a well-known correspondence between certain small categories and partidilly ordered 
setsF orposets for short; these categories have exactly one object A for each element a in the setT 
a morphism from A to B iff a < bF and they satisfy aiki-symmetryr in t licit i f there is a morphism 
from A to B and another from B to A then A — B\ hereafterrwe will identify posets with their 
corresponding categories. Sums and products correspond to unions and intersections T respect i^lyr 
and a poset with finite sums and products is a latticer with all the usual properties thereof. Of 
courser things generalizes from sets to classesT which we will call poclasses; we let <— ► denote the 
poclass morphisms. 

5 VVhile an ordinary multicategory has finite lists as objects, our notion of infinitary multicategory is a monoidal 
category with arbitrary subsets of a given infinite set as its objects, and with union as its multiplication: we hope to 
develop this notion, which in this form only works for entailment variants, in more detail at some later time. 
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Definition 10 An inclusive category C is a category with a broad siil>caregorv h I which is a 
poclassl'called its subcategory of incIusionsT having finite intersections au<l miionsl'such that 
lor every pair of ob jects . IT l$Y their union in Z is a pushout in C of their intersection in I. C 
is distributive iff Z is distributive. A functor between two inclusive categories is an inclusive 
functor (or preserves inclusions) iif it takes inclusions in the source category to inclusions in 
the target category. ■ 

This notion of inclusion is similar to that of (weak) inclusion systems [bST^TT L2T L3r53]rexcept 
that no factorization properties are assumed; however f the weaker notion is adequate for many 
purposes. Alsof sums and products are not needed for mary applications. Inclusive categories can 
plav a similar role to factorization systems [30 T 48] T but tend to lire smoother proofs. 

The following enriches an institution with inclusions [56]: 

Definition 20 An inclusive institution is an institution with its category of signatures and its 
Sen functor both inclusive. It is distributive iff its category of signatures is distributive!" andis 
semiexact iff the functor Mod: Sign — > Cat op preserves the pushoutsT i.e.it takes pushouts in 
Sign to pullbacks in Cat. ■ 

The term semiexactness w;us introduced in [I8j as a weakening of rxactnessT whifa says that Mod 
preserves general colimits: exactness seems to have first appeared in [60] T and wis used by Tarlecki 
[68] on abstract algebraic institutions and by Meseguer [43] on general logics. Although many 
sorted logics tend to be exactlTheir unsorted variants tend to be only semiexact. 

The category of rheoriesTThT inherits inarv properties from Sign. One of the most important 
of these 1 is that Th is cocomplefe if Sign is. Moreover T 

Proposition 21 For an inclusive institution: 

L Th is inclu*irt>: and 

J. Th has pn shouts that preserve inclusions if Sign has pushouts that preserve inclusioifs. 

It is often more convenient to speak of a theory extension instead of a theory inclusion 

Inspired by Goguen and Tracz’s ‘implementation oriented" (i.eTmore concrete) semantics for 
modularization [33] ITRoiju [56] introduced the notion of module specification as a generalization 
of a standmd specification!" having both public (or visible) and private symbols via inclusions of 
signaturesT and then explored their properties and give semantics for module composition over an 
,arbitary inclusive institution. More preciselyr a module specification in an inclusi^ institution is a 
triple (E. F. E')T where 2 E and F is a set of E-sentences. The visible theorems (or the visible 
consequences) of a module (E. F. E') are the E'-sentences satisfied by F over ETand a model of 
(E. F. E') is a E'-model of its visible consequences. 

For another applicationT inclusive institutions are an attractive alternative to Mossakowski’s 
‘institutions with symbols" [46]T which assign a set of symbols to each signatureTas part of a se- 
mantics for the CASL language [10]r since inclusions will automatically leep track of shared symbols 
in subsignaturesr while allowing all the usual operations on modulesT including renamingT to be 
(more) easily and naturally expressed. It is our view that inclusive institutions provide the most 
natural and e;Lsy way to formulate the semantics of specification languages like CASL [10]T CafeOBJ 
[16]r and BOBJ [31]. 

to In the sense that it has the same objects as C. 

‘Actually, we are interested only in pushouts of inclusions, hut we wish to avoid introducing a new concept. 
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4 Institution Morphisms and Comorphisins 

IVrhaps tin* two lo st known kinds of morphism betworn institutions ;m* tin* original “morphisms" 
ot (lo^nrii and [inrstall and tin* “plain maps'* of Mrsygum* [■ 43! Flat<T givrn the brttrr uaiito 

“representations hv '[ ;tr h *« ki (f>71' 66]. We show a natural duality between these r W viewing their 
categories with institutions as objects as flattened indexed categories: this motivates our fjrcIWvun' 
for th<‘ institution comnrphism terminology!" and also yields easy proofs of completeness and cocom- 
pletenessr using the fart, that gmi a functor between signature categories!" ary institution over the 
sourer signature category extends to an institution over the target signature category along that 
functor in two canonical waysT gmi by the left and right Kan extensions. Arrais and Fiadeiro [41] 
showed that given an at 1 junction between signature rategoriesfan institution morphism gives rise 
to an institution eomorphism and ricr. cer.su. We show that this result is a natural consequence of 
the fact that an adjoint between signature categories lifts rontravariantly to functor categories. 

The original morphisms for institutions introduced with the institution concept in [2D] seem to 
be the most natural notion. In particular!" they include structure forget tingT and hence structure 
embedding or representation relationships. Our examples will show that morphic formulations are 
usually simpler and more natural in other contexts as well. 

Definition 22 Given institutions I = (Sign. Mod. Sen, j=) and V = (Sign'. Mod'. Sen'. (= ; )ran 
institution morphism from 1 to V consists of a functor : Sign — * SignTa natural transfor- 
mation 3: Mod => ^FiModTand a natural transformation a : ( !>:Sen' => SenT such that the 
following satisfaction condition holds for each £ € jSign|rm G jMod(E)] and f G SenVlMEjiT 

m Nr iff 3z( fn ) N^i^- $* - 

We let TMS denote the category of institutions with institution morphisms. ■ 

Note that the functor <I> on signatures and the natural transformation 3 on models go in the same 
direction in this definitionF while the natural transformations* goes in the opposite direction. 

Meseguer [43] introduced a dual of the institution morphisms of Goguen and Burstall under 
the name “plain mapT** later renamed “representation” by Tarlecki [67T 68]: luweverT w prefer the 
name “eomorphism** in order to emphasize the important duality between these concepts. 

Definition 23 Given institutions I = (Sign. Mod. Sen. f=) and I' = (Sign'. Mod'. Sen'. ^'Tan 
institution comorphism from I to I' consists of <$ : Sign — » SignTa natural transformation 
•/?: $;Mod' => ModTand a natural transformation a: Sen => $>; SenTsuch that the following 
(co-)satisfaction condition holds for each E G |Sign|rm' G |Mod'(<I>(E))|r and / G Sen(E')T 

Nr / iff N*(E) a s(/) * 

We let coTNS denote the category of institutions and institution comorphisins. ■ 

Cerioli introduced the special case of simulation [7] F whih in addition requires that 3 be a surjective 
partial natural transformation. 

It is characteristic of our subject that the same example can often be presented in more than 
one wiiy. For exampleTconsider the relationship between the institutions of equational logic and 
first order logic with equalityrfor simplicity restricted to the unsorted versions. Since signatures 
for first order logic with equality are pairs (II. E) where n gives the predicate symbols and E gives 
the function symbols!" we can capture the relationship between the two kinds of signature with a 
forgetful functor sending (II, E) to ET or with an enbedding functor sending E to (0, E). A perhaps 
insufficiently emphasized small insight from category theory is that it is often better to deal with 
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forgetful functor* than with functors going in the ol Iht direct i< >n. For example!' tin* lorgetlril functor 
from groups t« i sets better expresses the relationship between these two 1 1 1 ; l 1 1 tin* Iree group luuctor: 

; u i < 1 we can see a similar phenomenon in nur little example that tin* forgetful hmctor avoids tin* 
(admittedly rather small) arbitrariness of introducing tin* empty set . Although intuitively we have 
an embedding of equal ioual signatures into first order with equality signatures I it is more natural 
to use the forgetful funetor than the embedding functor. The examples he low extend this insight 
from signatures to institutions. 

Example 24 We give some examples of morphisms and coniorphisms for embed* lilies. 

1. First some more details of the embedding of equational logic into first order logic wit h equal- 
ity. Let <I> denote the forgetful functor which on objects sends (ITI.E) to Eriet oV lie the 
forgetful functor sending a ( TI. E)-model to the corresponding E-algebraf and leto^n .s S01I( 1 
a E-equation to the same equation viewed as a ( IT E)-scntence (which may require adding 
quantifiers). It, is now easy to check the naturality and satisfaction conditions. 

2. A contrasting case is the embedding of unsorted equational logic into many sorted equational 
logicT because here there is no natural forgetful functor for the signatures; therefore this is 
better seen as a comorphismr with <F mapping an unsorted signature to the corresponding 
one sorted signaturer and with the obuous a and /i. 

3. On the other handTif we modify the many sorted equational logic institution to provide 
distinguished elements in its sort sets'- Fthen there is a natural forgetful functor from many 
sorted signatures to unsorted signaturesT and ve get an institution morphism. We encourage 
the reader to work out the details of this as an exercise. 

4. An example similar to the first above (but simpler) is the embedding of Horn clause logic into 
first order logic. Here the signature categories are the same in the two institutionsT consisting 
of just indexed sets of predicate symbolsFand 4> is the identity functor. The two model 
categories are also the sameT aiid.Jn consists of all identity functors (where n is a signature 
of predicate symbols). FinalhTeach on is the inclusion of the n-Horn clauses into the first, 
order Fl-sentences. Since so many of the structures in this example are the sanuT there is no 
significant difference between using this morphism and using the corresponding coniorphism 
to represent the relationship of the two institutions; moreoverr these tvo are dual in the sense 
of Section 4.1. 

5. There is also a comorphism from equational logic to first order logic with equality. Let <F' send 
an equational signature E to the first order signature (E.0)riet a' send a E-equation to the 
corresponding (E. 0)-sentencer and let/3' send a (E.0)-model to the corresponding E-algebra. 
W'e will see in Section 4.1 that this comorphism is dual to the morphism of item 1 above in 
a very natural way. 

There are many more examples of a similar character. In generalTit appears that the forgetful 
morphism versions are somewhat simpler and more natural than the comorphism versions. ■ 

Example 25 There is an institution comorphism from OSEL * ? to PEL (these institutions of partial 
equational logicT and of supersorted order sorted equational logicT are defined in Appendices A and 
BT which also review the notation from [26] that we use here). Given a supersorted signature 
(5. E) and a partial (S'. E')-algebra A'V it is natural to extend.4' to an order sorted (5. E)-algebra 

“This is by no moans an unnatural concept. For example, in the 0DJ3 system [34], every module has a “principal 
sort/' which is needed for computing default views [34], We can therefore argue that these “pointed sort sets^ are 
more natural, at least for many computer science applications. 
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1 1 v adding ;i special symbnl *■ railed the error element I'to tlir carrier of each supersort. >.Tand 
extending all partial operations to total operations having the value * where they were undefinedf 
and propagate error elements. A disadvantage o( this construction is that it does not provide 
information about the origin of errors. 

for any supersorted signature ( k S\Ej and partial (S'. E')-algebra A f V lx* the .S’- sorted 

family given by 

h \.lUA')) s r = A', for all s' <= S ' r and 
2. = A', U{*} for all s' *= S'. 

Tlien dv(.4 / j can be given an b$. E) -algebra structure as folIowsT whererr is aji operation ill 52: 


1. { ■ iir ( A? ) }, T ( a [ a„) = A^iay a„) if f/ L n ft are all different, from the error element * and 

A'^lui a n ) is defined; and 

2 . (d^(.4 , )) /T (ni a n) = * if any of a\ a n is equal to * or if A^fui a n ) is not defined. 

We call >3v(A') the single error superextension of AT and it is easily seen that/3i-( A') is a strict 
E-algebra. As shown in [26]T/iv can be organized as a functor /3v : PAlgfE 7 ) — > OSAlg(E) which 
is left inverse to UrF and righ adjoint to Ur restricted to strict algebras: moreover TJ 7 is a natural 
transformation. 

Now we can check that (4>'. /?'. a)Twith a as defined in Appendix BT and with the forgetful 
functor - of Appendix BT is a coinorphism OS EL’ — > PEL. When the signature is clear from 
context T we prefer to write for and to omit Or. Then the satisfaction condition for this 
comorphism is as followsT for A 7 G PAlg(E v ) and ( 7 . e ) G Sen (ET 

A'* \=r ( 7 .e) iff A' . 


This not entirely trivial result is proved in [26]. 

HoweveiT a simpler relationship beWeen these institutions is given by an institution morphism 
PEL — > OS EL’ that we will now define. Given a many sorted signature (D. A) and a partial 
A-algebra AHt is natural to extend A to a supersorted order sorted signature A - (D'jD'.A) 
bv adding an error supersort d for each sort d G DF extendingA to an order sorted (D U D . A)- 
algebra by adding the? error element ★ to the carrier of each supersort dT and extending all partial 
operations to total operations taking the value * where they were undefined. As ubovaTerrors are 
propagated by these operationsT and information about the origin of errors is lost. 

Given a partial A-algebra AT let/3^(A) be the ( D U D ? )-sorted family given by 


1. {p±{A))d = Ad for all d G DF and 

2. U3±{A)) d? = A d U {*} for all d G D. 

Then /?a(A) can be made a A ? -algebra by defining (/3 a ( A)) cr (a 1 a n ) to be A,j(ai a n ) when 

Aa(a 1 ,a ;1 ) is defined Tand ★ when A ff (ai a n ) is not definedTfor a G A. We call /3 a ( A ) the 

single error superextension of AT and it is easy to fceck that it is a strict A -algebraT and that 
/?a can be organized as a functor /3 a : PAlg(A) — > OSAlg(A ) which is left inverse to U^Fand 
right adjoint to U±? restricted to strict algebras; moreover F(3 is a natural transformation. 

Now we can check that (<fc./3, a)T with a as in Appendix Brand with <I> the functor defined 
aboveris a morphism PEL — » GSEL ? . As aboveTwhen the signature is clearF w may write for 
/3 a and omit a±F so the satisfaction condition for this institution morphismF foA G PAlg(A) and 


( 7 , e) G Sen ? (A ? )T is 


iff 4* Na 7 ( 7.e) . 


which is not difficult to check. 
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Lw. ms now compare the morphism ami flu 1 rnmorpliism. ft is dear from rhr constructions 
that there are many similarities. Out if is also clear that / i is significantly simpler to construct 
tliau ;i* l and that <[> is simpler than ( f>. It also turns out that the morphism satisfaction condition 
is significantly easier to check than the coinor|)hism condition. All this seems to confirm our 
hypothesis about the greater naturaiity of morphisms over comorphismsA ■ 


The following extends Proposition 18 to morphisms and to coinorphisms: of courser it holds for 
all close variantsT and proofs for the case of Definition 11 can be found in [134]. 

Theorem 26 I.\ S is isomorphic to Flatf (Trel~)' >,; ). ami col. VS is isomorphit' to FlatlTrel”). 


Therefore we can use 1 morphisms in Flat! I Trel~)'^) instead of institution morphisms whenever this 
simplifies the exposition. The intuition behind this isomorphism is that any institution morphism 
(4>./j. a) ;is in Definition 22 corresponds to a morphism (<f ).p) in Flat((Trel“')^)r 


Sign 



Trel 


where // : $:¥ => 3 is the natural transformation defined as pr — for each Z in Sign. 

SimilarlvT w* can use morphisms in Flat(Trel - ) instead of institution coinorphisms whenever 
this simplifies the exposition. The intuition is that any institution comorphism ('f>. 3. a as in 
Definition 23 corresponds to a morphism (<&./.*) in Flat(Trel~)r 


Sign 



Trel 


where f.i: I => <&;!' is the natural transformation defined by f.tz = (/Jv.ar). 

The following is now an immediate corollary of Theorem 26r using Theorem 2T Propositions 10T 
4 and 4T and Corollary 3; of course it holds for all close nriants of institutionsT and proofs for the 
case of Definition 11 can be found in [54]. 

Corollary 27 IMS and coIJ\i S are both complete. 


The completeness of IMS was first shown by Tarlecki in [63] for the notion of institution in 
Definition 11T and the completeness olcolMS was shown by Tarlecki in [68] T again for the notion 
of institution in Definition 11. 

°0n the other hand, it is interesting to note that it is the comorphism that involves the forgetful functor here, 
and that the authors only uncovered the morphism recently. Perhaps such phenomena help to explain why much of 
the literature seems to prefer comorphisms over morphisms. 
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4.1 Duality of Institution Morpliisms and Comorphisms 

Arr.us and kiadmro [41 j ohsurvrd tli.it ;ui ;wljoinf. f)air uf functors hrtwcrn two signal urr *u;or i< s 

iiidihos a Injection between ;i,s,soriate< I institution 1 1 k 1 1' [ > 1 1 is i i is and roiuorpliisuis. This nice result 
follows r.usily Imm the (art that the functor Trel — eontravariantlv lifts adjoint pairs to functor 
< atogoi ies (Theorem 7 ) I via its Corollary 8: details are in [54j for the r;ise of Definition l [Plait of 
course this and everything else in this subsection holds for all close variants of institutions. 

Theorem 28 //«!>: Sign -? Sign' has a left adjoint < t>': Sign' — Sign then for urn/ institu- 
tions I : Sign — Trel awl I': Sign' -► Trel there is a. fnjtctum between institution morph isms 
I — : f 1 amt institution comorphisms {*b f . p*) : 3' — > L Moreorer. this bisection is nut and in 

I ami f. 

Tin* hijection of Corollary 8 takes a natural transfonnatiun p : <I>: V => 3 to (//; 1 : ,); (1*, ;p ) p and its 
inverse takes a natural transformation p : V => <£': I to (1* ? /<'): (e ? l:)T wherer/ and i are the unit 
and the < ounit of the adjunctionT respectively. Translating that into a more institutional language T 
by the construction of isomorphisms in Theorem 26P one gets exactly the construction of [41]: 

1. Any morphism <f>. J.or): I => I' yields a comorphism (<£'. 3 f . a') : 3' — > IT where 3^, = 

Mod'(//rd and aU = Sen' p/ s 0 ; for all S' € |Sign'[. 

2. Any comorphism {4>'. ji\ a'} : I' => I yields a morphism {<&.a.,3}: 3 — > IT where for all 
S 6 |Sign|rTv = Mod(^): 3 ^ Sen(T^). 

Example 29 The uiorphisiiis and comorphisms of Example 24 provide some good examples of f lu* 
duality discussed above: 

L The functor <J> in item 5 ol Example 24T from equational to first order signatiiresT is left adjoin 
to the functor <f> in item 1 of Example 24T and the morphism (item 1) and comorphism litem 
5) between these institutions are dual in exactly the sense of the construction above. 

2. The same holds for the morphism of item 3 of Example 24T from mary sorted equational logic 
to unsoi ted equational logitT and the corresponding modification of the comorphism of item 
2 of Example 24T from unsorted equational logic to mary sorted equational logic. 

3. The same also holds for the morphism and comorphism of item 4 of Example 24T between 
Horn clause logic and first order logic. 

And there are of course many other examples of a similar kind. On the other handT the morphism 
and comorphism of Example 25 are not dual in this senseDlespite the fact that their functors <£ 
and <£' are adjoint. g 

4.2 Kan Extensions of Institutions 

Given a morphism from its signature categoryT any institution can be translated in two distinct 
canonical waysTgiven by the two Kan extensions associated to the signature category morphism. 
The result below follows from Proposition 6Tplus Proposition lOrthat TVel is both complete and 
cocomplete; as usualT everything in this subsection holds for all close variants. 

Proposition 30 Given a small category Sign and a functor $ : Sign — ► Sign', any institution 
E . Sign — » Trel has both a right and a left Ran extension along and the functor Trel ^ has both 
a right and a left adjoint. 
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’I"' hl Sl,,;l11 <"d.egnrie.s is ill>iiAIlili' Milt f,,| (.1 M< f ii ;il plirp, iscsFi'Vctl tl gh it is inron- 

Sls,, '" t witl * U "‘ " hl,al »<>t 'niilittions .,f Si-|,.LM,|,- , for example!' in forming I l,e category of 

s|M„;ail|Vsrwf cal. restrict symbols to tl.osr that, could l.r expressed m AS,||For i„ ; U , 
u lr;ili/r( | [-Mj/Xl wliiih ;uv omntahh* srf.s. 

Lrt scat denote tlir category of small rntroof i,vs[\ST.V5 tin* categ, , ry ,,f institutions ovrf small 
signature categories am I institution morpl.ismsF andmSZ.VS tlir category of institutions ovrr small 
signature categories and institution comorpliisms. Sinn; SCat is both complete and co< ompleter 
.ind sin, r riirorrm 26 ran hr adapted .to categories of small signaturesFwe have that FIAF and 
roSl.X S are hotli romplrtr. Although wr do not. know whether XMS and roXMS are eocompleter 
the tollowmgT in [54] lor the case of Definition 1 IF is sutficktnfor practical purposesF and holds for 
.any close variant of the institution concept: 


Theorem 31 SX r \ 2> uthI coSX.\ S arc both cocoviplt'le. 


5 Theoroidal Morphisms 

This section considers generalizations of morphisms that involve mapping theories instead of just 
signatures. As already mentioned T the "maps" of Meseguer [43] are comorpliisms generalized in this 
wayr which we call theoroidal. We will consider completeness and cocompleteness of categories 
with theoroidal (co) morphisms. We first define the theoroidal institution of an institutionTiuid 
then theoroidal morphisms: both these concepts seem to be newFand like all else in this sectionr 
they generalize to all dose variants of institutions. 

Definition 32 The theoroidal institution I'* of an institution 1 = (Sign. Mod. Sen. =) is 
(Th.Mod . Sen*". )='*)r where Th is the category of theories of irMod^ is the extension of 
Mod to theoriesrSen' is sign: SenFand is si, /n : where sign-. Th Sign is the functor 

which forgets the sentences of a theory. We may omit superscripts thT so that I M appears tis 
(Th. Mod. Sen. (=). _ 

It follows that theories of I th are pairs ((E. Fj I. F 2 ) where F X .F 2 are sets of E-sentencesFand that 

the models of l(E. F, ). F 2 ) in l" 1 are (E. (F t U A))-models in I. The following natural notions are 
important for this section: 

Definition 33 Given institutions I and ITa functor : Th -» Th' is signature preserving iff 
there is a functor : Sign Sign' such that $: sign' = sign; Siinilarlyr a functor <f> :Sign 
Th is signature preserving iff there is a functor <h°: Sign -o Sign' such that <t>;sign’ = ■ 

The leader can check that is unique if it exists. Now we can introduce the main concepts: 

Definition 34 theoroidal morphism (comorphism) from II to I' is a morphism (comorphism) 
(<P./i.o) from I to I" such tluit T is signature preserving. We let thXMS and thcoXMS denote 
the categories of institutions with theoroidal morphisms and comorphismsT respect iel>T and w let 

_ : thXjX S -> IMS and J h : thcolM S -> colM S denote the associated functors to XMS and to 
colN ST respectively. ^ 

To be explicitFthe theoroidal morphism satisfaction condition says that for tiny I-theory (E. F)T 
any model rn £ Mod(E. F) and any formula /' £ Sen'(E')r where 2 = <£°(E)r 

m l=r «e(/') iff /?(sjr,(m) f T 

while the theoroidal comorphism satisfaction condition states that for any I-theory (E. F)Tany 

model m' € Mod(E',F / ) and any formula /€ Sen(E)f where E= <F(E)T 
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ill v /.-I ( m* ) j =v / ill /// , j='*, #rv|/) . 

[t is immediate that, institutions with theoroidal morphisms (or cnmorpliisms) form a category. But 
despite tin* simplicity of Definition 3 IT it ran hr difficult to heck the satisfaction condition directly: 
fioweveiTit fortunately reduces to checking the condition for just the empty theories!' .tsshown in 
the next two results: 

Proposition 35 Gwen institutions I = (Sign. Mod. Sen. f=) a ml V — (Sign 7 . Mod'. Sen'. f= ; ). a 
sitjruiturc preserviny functor <!> : Th — Th'. a natural transformation ii : Mod =?> *P: Mod' and a 
natural transformation a: d>; Sen' => Sen. thru is a tkroroidal morphism if and only if 

rn |=£ aW/') iff |=U f 1 - 

/or «//// empty theory (E.0 # ) 6 Th. am/ modal tn G Mod(E.0 # ) and any frrmulu /' G Sen'll'). 
inhere E' = <t>°(E). 

Proof: The "only if’* p;u*t follows from the definition of theoroidal morphism. ConverselyFlet 

(E. F) be any theory in ThT letm G Mod(E. F) and let /' G Sen'(E'). Then 

m j=r or(/) iff /3 ( r ^ ; (m) (='*-, /' (by hypothesis) 

iff Mod'l^ldH^ir.fjtm)) f=U /' (bv the naturallity of /i) 

iff ,B (r jedm) ^=' v , /' (by the satisfaction condition in 1') 

where i is the theory inclusion (E.0*) ^ (E. F). □ 


Proposition 36 Giren institutions 1 = I Sign. Mod. Sen. \=) and V = (Sign'. Mod'. Sen'. p'). a 
siynature preserriny functor <]> : Th — > Th'. a natural transformation J: <£: Mod' Mod and a 
natural transformation a: Sen => ( f>: Sen', then ( ( I>.;i.o) is a theoroidal cornorphism if and only if 

^{Z.0*}( ni ') f=l / iff m ' a -(/) ■ 

for any empty theory (E.0 # ) G Th. any model rn ' G Mod(4>(E. 0* )) and any formula f G SentE). 
inhere E' = <£' ( E ) . 


Proof: The "only if” part, follows from the definition of theoroidal cornorphism. ConverselyT let 

(E.F) G Thr letm' G Mod(E'.F')T and let / G Sen(E)T where <fc(SF) = (Eh F'). Then 


0(E.F)(m') I=r / iff As.f)( m ') Ns Sen(0(/) 
iff ModW^rfjK)) h/ 
iff /3 ( v 0 . ) (Mod , (1»(i))(m')) Ns / 
iff Mod'($(*))K) |=N a s (/) 
iff m' NN Sen'(*(»))(a E (/)) 
iff m' f=' r , a^(/) 


(Sen(i) is an identity) 
(by the satisfaction condition in I (/l ) 
(by the naturality of j3) 
(by hypothesis) 
(by the satisfaction condition in V th ) 
(Sen($(i)) is an identity) 


where i is the theory inclusion (E.0*) (E,F). 


□ 


Meseguer [43] defined 10 his maps as in Proposition 36rbut with the additional requirement 
that $ be a-sensible 1 l V which seems not only naturairbut also technically desirable for proving 
properties beyond the abover as in the foilwing: 

Conjecture 37 With appropriate restrictions on morphisms t such as sensibility . thSXM S and 
thcoSXMS are complete and cocomplete. 

l0 However f Meseguer used presentations instead of theories. 

“This essentially means that <I> is completely determined by its restriction to empty theories and or. 
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5.1 Simple Thoroidal Morphisms 

II"’ 1 '’ ls 111 ini|nii lanl s | m i; 1 1 c.i.sc of thcniciidal < i unoi pliism lli.il often occurs in pr.icl icc[V;il|ci| 
simple by \Irs«'i > ikt [13)1 tli.it maps signal . hits to llimrics instead of theories to theories: 

Definition 38 A simple theoroidal morphism ieotnorphism) from I to V is a morphism 
(eoniorphisni) <<I>.,3.o) from I to V th such that <l> is signature preserving. ■ 

Not it i that simple thenioidal I co) morphisms retlnee to ordinary (co)morphisms where signatures 
map to theories with no axioms. Also notice that the simple theoroidal morphism satisfaction 
condition says that for any signature X! <= SignTany model w € Modi El and anv formula [' (= 

Sen'(E')r where -h-'iEir 

tn\=Z iff dr |> ) \=U j" r 

while the satisfaction condition for a simple theoroidal comorphism states that for any E G SignT 
any in' G Mod(E') and any formula / G Sen(E)r where E = <P(E>r 

/is(m') f=r / iff m' \=' z , «:(/) . 

If (’I*. d. o) : I — y I is a simple theoroidal morphism of institutionsT thenlet ( f I>. .3. be the 
theoroidal morphism {'V h , ( j ,h .a ,h ) from I to I' defined as <P lh (Z.F) = (E'.(a^ l (F) U Fr )*) for 
ea. h theory { E. F) € Thrwhere *(E) = (E'. F^n.e.r^- is the set of I'-sentenees associated by 
to the I-signature Erand where also d^ F (m) = ,dr|m) for each lE.F)-model mraml n th is 
exactly a. We let the reader check that indeed <P th is a signature preserving functor and that i ,h 
and o are natural transformations. The satisfaction condition follows by Proposition 35 using 
that, d! zv . is exactly de. 

The most natural way to compose simple morphisms is as in Kleisli categoriesT that isT to 
compose the first simple theoroidal morphism with the extension of the second to a theoroidal 
morphism. More preeiselyPgiven two simple morphisms of institutions from Ij to J? 

and (P. do.oj) from I 2 to I 3 r their composition | -p. .dj. oj ): (P.iio. a 2 ) is defined as the insti- 
tution morphism («&!. dj . ou): n 2 ) fh from Ij to I'*. Unfortunatelyrin order to pro vp the 

associativity of morphism compositionl/one has to show that ((^i . . a { ): ($.j. f j 2 . o 2 ) th ) th equals 

(<!>!. /ii.ai) ) f/l r whit doesn’t seem to follow without further assumptions: at this timer 

we don't know what the weakest requirements should be. 

The situation is better for simple theoroidal coniorphismsr because here <I> anda go in the same 
direction; indeedT simple theoroidal comorphisrns form a categorywithout any additional assump- 
tions. If a) : I — > V is a simple theoroidal comorphism of institutionsr then let (<£/?. a) th be 
the theoroidal comorphism {$ th .0 th , a th ) from I to I' defined as $ fA (E.F) = (£', (a r (F) U Ff)*) 
for each theory (S. F) 6 Thr where *(£) = (2. Ff)rp* F] (m) = fc(m) for each (E. F)-model mr 
arui a is exactly a. We let the reader check that indeed is a signature preserving functoiT that 
ft is well defined (the satisfaction condition of (<$./?. a) is needed)ris a natural transformationr 
and that and a is also a natural transformation. The satisfaction condition follows by Proposition 
36 using that is exactly fc. 

Simple comoiphisms can be composed as expected from KleisliFcomposing the first with the 
extension of the secondri.eTgiven simple comorphisrns from to I 2 and (* 2 . a 2 ) 

from h to I 3 r their composition (^ . A»Oi); (*2 ? is defined to be ($ { . /?i, «i); ($•>. fa. a 2 ) th 

from Ii to 1 3*. To show associativityr one must show that ((<fq. fti-cn); equals 

(^ii #2- oro)^r whit after some calculation reduces to showing that 

l2 \Ve have not yet thought of a better name for this, but we do feel that one is needed. 
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I < * j. \; . 1 1 * i v j { /•) ) ) i j ( * * j v , ( F^ ' ) 1 j F^ : ) # ) # 

wlirir ‘l>[<E t I - |E-j. F^' ) ;m< I <[>.►( Ej) ~ (E ; j. F^ : ) 
I > ri »j)ositiun 1 3 and tin* following: 


- bn.?:, 1 1 ‘ i 1 !t /‘if 1 )*# IJ /\f‘) # - 

I' ;ti if I where Mir |;ls[ assert lull lolltws bout 3 . ol 


Proposition 39 If I «l> . ; nr) is a nnnorjtlusrn (or a simple theoroidal eo moiphism or u theoroidal 
t a morph ism j of institutions from I! to T and F is a set <>/ E ~ I riteners o/L then ov ( F * ) o^(F) # 

and or I F* j* = o^(Fi*. 

Proof: Let m* (=£' o^(F)F where E = <I>|E) ill the rase of comorphisms ;ukI E ; = I E ) in the 

i asr of (simple) theoroidal comorphisms. Thru m f |=^' ov(F) itt (ly thr s;it is t;ic*f ion condition) 
T^(/n / ) F iff TH m* ) j=r F* iff (by the satisfaction com litiou ) ;// \=r* ar(F*j. Thrrrforr 

ov(F) (=v.« irrfP) T whit proves tin* inclusion. Thru thr equality is immediate. □ 


Example 40 We consider the relationship between POLE and POLT unsorted Hist order equational 
logic with and without equalityT respect i«ly. First observe that there is a very simple and natural 
morphism POLE POLT where the functor ( f> forms the disjoint union of an POLE signature 
E witli the symbol for notational convenienceTwe may denote this signature by E _ and we 

assume that *=” does not occur in any POLE signatunT but is reserved for equality in POLiL 
sentences. Given an POLE signature E and a POLE E- model A/T we define 3^ ( A/ ) to be the 
<I>iE)-model M~ w r ith the equality symbol interpreted ;is actual identity in A/: it is easy to see that 
3 is natural. Given any POL E = -sentence /T let a z(f') be just f Tbut with ''= now viewed as 
the symbol used to form equational atoms. The satisfaction condition follows easily. 

Although it is certainly very simple and naturairthis morphism fails to capture the tamiliar 
trick of axiomatizing equality when moving from POLE to FOLTas is needed to use a Hist order 
theorem p rover on the translations of POLE sentences. However r it is easy to extend ir to a 
simple theoroidal morphismT thetheories of which contain axioms for equalityTsuch as reflexivity 
and symmetry: let the signature map send E to T(E) = (<I>(E). F(E)) where is as above and 
when? T(E) is a <!>(E (-theory of equality. But there is something strange about thisTbecause the 
satisfaction condition holds no matter what axioms we givfTinehtding none at all — unless some 
of them are wrong. 

On the other handF toview this situation ;is a comorphisinF it mist be simple theoroidal with 
equality axiomsT for the satisfaction condition to hold. We use V P as above for the signature to 
theory inapT and gi\?n a FQL ^(Ej-model A/T w define (3z ( \F ) to be the reduct M*\r: it is easy 
to see that is natural. AlsoTgiven an POLE E-sentence /Tlet ar(/) be / with viewed 
the new predicate symbol in E = . For the satisfaction condition to holdT the axioms inTAE) must 
be strong enough to force the equality symbol to be interpreted as identity in models; this will rely 
on a completeness theorem for equational logic. ® 

This example helps confirm our hypothesis that morphisms are usually simpler and more natural 
than comorphismsF but it alsoshows that morphisms may not encapsulate all the information we 
want to have available; the theoroidal morphism is simple and naturalTand it can include all the 
information we wantT but it is curious that this information is not necessary. The comorphism 
is more complex because it needs a complete set of equality axioms over the given signature and 
relies on a noil-trivial completeness theorem. However T \e have also seen that the notion of simple 
theoroidal morphism is rather complexrperhaps even problematic. Clearly there is more work to 
be done in this area. 
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C Forward Morphisms 


Hutli institution morphisms and romorphisms havo their syntactic and semantic components going 
itt opposite < lirections. Hip. there am examples where it seems natural for these go in the same 
direction. We will speak of forward morphisms*' when both go in the forward direction. The 
following is the theoroidal version of this eonceptT though there is (jf course also a version at the 
ordinary level; as itsualF everything works tor all close variantsf at both these' levds: 

Definition 41 Given institutions I = (Sign. Mod. Sen. [=) and V — (Sigri / . Mod 7 . Sen'. ) f then 
a theoroidal forward institution rnorphisrnrfrom I to IT consists of 

• <[> ; Sign — * Thll') is signature prescrvingT 

• A: Mod ^ T: Mod' is a natural transformationr and 

• oc \ Sen => <f>: Sen' is a natural transformationr 

such that for any signature E £ SignT ary sentence / £ Sen(E) and any model in £ Mod(E)r the 
satisfaction condition holds 

m Ni /* iff ,^r(m) nrs(/) ■ 

■ 

Example 42 There is a natural relationship between the two institutionsrHELi and KEL^Tfor 
hidden equational logic that are described in Appendix C: 

• since congruent operations are declared as sentencesT any signature in the first institution 
translates to a specification in the second: 

• any model A of I E. F) in the first institution gives a model of the secondT namely LA. — £): 

• any (E. F)-sentence is a E-sentence: 

and we can see that for any (E. r)-sentence / and any hidden E-algebra AT we get A / iff 
I A. = £) \=r /. All these say that there is an theoroidal forward morphism from HELi to rIELo. ■ 

Of courseT w can also define forward theoroidal coniorphisms in much the same wa\T as \eil as 
simple theoroidal versionsFand these will work for all close variants. MoreoveiTwe can "untwist** 
the definitions and results about t wasted relationsT institutionsT morphisms and coniorphisms to 
obtain forward versions of all the main res lilts T including completenessand cocompleteness of the 
categories with institutions as objeetsr and with morphisms or coniorphisms. 

It is easy to give corresponding definitions for backward notionsr but this is unnecessary because 
a backward morphism is just a forward comorphismT and a bakward comorphism is just a forward 
morphism; because of these relationshipsT it is not een necessary to introduce the terminology. 

7 Semi-Natural Institution Morphisms and Comorphisms 

The following weakens coniorphisms by eliminating one of the naturality conditions; as usuair 
everything in this section holds for all close variants. 

Definition 43 Given institutions I = (Sign. Sen. Mod, f=) and I' = (Sign 7 . Sen'. Mod'. (=')Fa 
semi-natural institution comorphism {$.«.$) : I — » I' consists of 

• a functor $ : Sign —* Sign'T 

• a family of functors (3 = : Mod'(4>(E)) -> Mod(E)}v : ^|Sign| r and 

• a natural transformation a: Sen => <I>;SenT 
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Midi th.it fur every L G jSignjFm' G ModVl'lL)) .tin 1 / G SeiilL’iF the fnllwing (eo- Satisfaction 
condition holds: 

Av(///| j-~v /' iff m l S!|i|v ; av(/> . 

I I n ‘ point to note here is that A nerd not he natural; this rendition is not satisfied in some 
exam pies F and is not needed to ensure some significant properties. The following shows that the 
live superextension of a partial algebra to an order sorted algebra [26] gives rise to a semi-natnral 
institution eomorphism. 

Example 44 Another natural expansion of a partial algebra to a supersorted algebra is the free ex- 
tensiouF whit freely adds supersorted terms for operations when they are undefined. We formalize 
this eonstruetiou in the following. 

For any supersorted signature (S’. I]) and partial (S'. E')-aIgebra AT ler. f iV(A') he the smallest 
S-sorted family such that: 

1. (Ait A'))./ — Ay for all s' G S' - let us call the elements of (An (A'))./ the pure elements: 

2. Av(A')v C S^f A')* whenever .s' < .s; and 

3. rr(a { a n ) is in ,As(A')* and is (ailed impure whenever any of a i a n are impure or 

A^tai a n ) is not definedT whererr : tr — » .s is an operation with \u } \ = n and where A^ is 

the partial map which interprets a: w* -> -s' in A'. 

Then Jv( A') can he given ail (S. E)- algebra structure as follows: 

1. ( Jv ( A') a n ) — A f a {ai </.„) if^i a n are all pure and A^bq a n ) is definedT and 

2. (Avi A' ) ) lT (u[ u n ) — rriai a n ) if any of /q a n are impure or if A^('*i '/•,> J i>‘ not 

definedr 

where a is as above. We call the (5. E)-algebra S^(A') the free superextension of A'. As shown 
in i2()]F,:k: can be organized as a functor Av : PAlg(E ? ) — ► OSAlg(E) which is left inverse left 
adjoint to IW When the signature is clear from the contextF we prefer to use the notation 
instead of oV. 

Although all these constructions are very naturalT/i is still not a natural transformation. To s«*e 
thisT let-*? = (/■//) : (S i-Si) — » (S 2 .E 2 ) be a morphism of supersorted siguaturesF and letA' be a 
partial Eo-algebra. Then the free superextension of the <p- reduct of A' involves operation symbols 
in but the ^-redact of the free superextension of A! involves operation symbols in SoFso that 
these two Ex-algebras cannot be equal. (HoweverTthey are isomorphic if if is injective.) 
r Now the satisfaction condition for the semi-natural institution comorphism from GSEL to PEL 
can be formulated as follows: for every A' G PAlg(£ b ) and ( 7 *e) G Sen ? (E)r 

A' 5 (=2 (7.e) iff A' . 

This result is proved in [26]. 

Although the relationship between institutions is not quite so neat for the free superextension 
construction as for the single error superextension of the previous subsectionTthe former is more 
useful for many purposesT because it presenes information about why functions are undefined that 
is very useful for doing proofsr as wll as for other purposes. ■ 

The notion that we call semi-naturality was introduced in the context of membership equational 
logic by Meseguer with his “general maps of institutions” [44] T when** is not required to be naturair 
but only a signature indexed family of functionsT just as with/3 in our Definition 43. At presentT it 
is unclear how important semi- natural morphisms or comorphisms may ber or what are the general 
properties of their institutions. For this reasonrthe fact that we do not know any examples of 
semi-natural morphisms may be another point in favor of the morphism concept. 
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8 Summary and Further Research 

Matheuiat it iansham I evv it logicians ! 1 haw not shown much interest. in the theory <>f insf itut iousT 
perhaps because their tendency towards Platonism inclines thorn to hrliovr that thoro is just ono tnio 
logic and inodol theory: it also doesn't inurh help that institutions uso category theory extensively. 

On tho other handF computer scieitist.sF lining boon forcibly impressed with the need to work 
with a number of different logics T often for vry practical reasonsF h.*vo written hundreds of papers 
that apply or further develop the theory of institutions. Institution tuorphistns become (‘specially 
relevant when multiple logical systems need to be used lor the same applicationTaud somehow' 
coordinatedF as often occurs in complex systemsf wdiere diffentnlogirs are used for different JispectsF 
including functional reqmremeutsFsafety and liveness propertiesFroucuiTeucy control rival time 
respouseF data ype designT and arhit.ee tural structure. 

We would likt 1 to emphasize certain points made in tin* body ot this paper whichTthongh not 
really newf do seem i 11 s ufficie illy appreciated in the 1 current literature. 

1. The notion of institution easily accomodates inference for logical systems: this w;ts already 
noted in the basic early paper on institutions [2!)]rand this theme is further developed here 
with our notion of '‘close variant." This fact makes it unnecessary to combine institutions 
with otheiT more familiaiT millinery to handle inference. 

2. It is easy to add a notion of inclusion to a categoryr and hence to an institutionFand this 
can greatly simplify many typical applications of institutionsr snh as giving semantics to a 
specification language. In every single practical example we knowT the category ot signatures 
has a natural and obvious notion of inclusionF so it is quire harmless toassume an inclusive 
institution when doing specification semantics over an arbitrary institution. 

3. In many eases T institution morphisms in the original sense [29] provide more natural formu- 
lations of important relationships between institutions than more recent notions. 

4. Results about, institutions can often be pulled out ot a general categorical hatTafter a little 
translationF generalization and/or massaging. IndeedT w are now often left feeling unsatisfied 
unless we have managed to do this for our major results. The use of indexed categories in 
Section 2.1 is one good exampler the dually of morphisms and comorphisnis is anotherT and 
the construction of theoroidal morphisms and comorphisnis using the theornidal institution 
is a third. 

In this paper we have tried to bring some additional order to the menagerie of morphisms 
between institutionsr starting with but not limited toF an improved taxonomy for the various 
genres and speciesr bringing out some unexpected relationshipsr and some new propertiesOur new 
nomenclature includes the forms eo-T semi-T theoroidair and fonwir among whih all combinations 
are meaningfuirand some special casesFsuch as simple. All of these could be adapted to various 
institution-like formalisms!? but ue argue that there is no good reason to do so. 

As is often the caser it seems to us that our res ear fa has opened far more questions than it has 
closedT including the foll(wing: 

• One general chiss of questions concerns properties of the various categories of institutionsr 
the most immediate of which is how complete and cocomplete they are. Another question isT 
which ones can be seen as flattened indexed categories? 

• One can also ask for each category of institutionsr which of its morphisms admit Kan ex- 
tensions? HoweverTone should also ask for interesting applications for translating a whole 
logical system along a mapping of its syntax in this way. 
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• Tn vv 1 1 ; l t rxlenl. flu tin* various mnrphisiu.s s 1 1 1 >[ h >if the reuse of logics ami theorem plovers in 
tin* sly It* suggested in [29] ;li i< 1 later in [8j7 

• To what extent *ln the various inorpliisms support tin* »x t r;t theory morpliisms ami "(Iroth- 
emlieck ei nisi. met ion ’ of Diaronesm in [15] ami [20] l ' respect iv*Iy7 

• Finally!’ one uiiglt wonder about applying tin* machinery of this paper to tin* rapidly evolving 
field of coalgebra. For exainpIeF would there bo any valm* to roinstit utionsf or to dualizing 
tin* material in Appendix D? 
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A Partial Equational Logic 

In this appendix we present two different, algebraic approaches to part ialityTone b;ised on partial 
algebra and tin* other biised on order sorted algebra: we also give the corresponding institutionsT 
following [25]. 

A.l Partial Algebra 

Given a many sorted signature AT apartial A-algebra .4 is just the same as an ordinary A-algebralT 
except that the interpretations of the symbols from A in .4 may be partial functions instead of 
total functions. Note that even constants can be partial - which means they are undefined. Given 
a many sorted signature AT let PAlgA denote the category of all partial A-algebras with total 
A-homomorphisms. Idifort.imatelyr there are multiple choices for morphismsT with no clear way 
to decide among them: for examplerhoniomorphisms might be indexed sets of parrial functions. 
HoweveiTwe choose to require them to be total. 

Two classic references on partial algebrarby Horst Reichel [51] and Peter Burmeister [3] Tare 
excellent sources for partial algebra and satisfaction. More recentlyT CerioliT Mossakowski and 
Reichel in their survey [9] argue in favor of partial satisfaction and against, aspects of order sorted 
equational logic T particularly retracts. 

A. 2 Partial Satisfaction 

One of the frustrations of partial algebra is the confusing plethora of definitions of satisfaction. 
We only consider satisfaction of unconditional equations by partial algebrasTover a many sorted 
signature A. Perhaps the most common notionPcalled existential satisfaction 13 rsays that a 
partial A-algebra A satisfies a A-equation (VX) t = t f iff for every assignment a : X — > TP both 
a{t) and a(t f ) are definedT and they are equal. This notion has the disadvantage that equations like 
this inverse law 

(V N : Nat) N * (1 /N) = 1 

are not satisfied by the rational numbersT because the left side is undefined for some wines where 
the right side is not (namely N = 0). Existentially satisfied equations act as if they were totally 
satisfiedr since they require e’erything that they talk about to be defined. Therefore existential is 
not in general reflexive. These considerations suggest that existential satisfaction is too strong. 

Another notionPcalled strong satisfactionPsays that A satisfies (VX) t = t* iff for every 
assignment a: X — » ATif either a[t) or a(t') is definedrthen so is the otherTand they are equal. 
For exampkT the equation 

ll This name is a bit ironic, because many existentialist philosophers had serious doubts about even the possibility 
of genuine satisfaction. 
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I V V. A f : Nat) 1 /(.V * M) (l/.V) * I I/A/) 

is not rxish'iil ially satisfied by f.lir rat iniials [ but it, is strongly satisficdT because thevtn sii 1 « *s an* 
(|rliu<‘(| lor exactly tin* same assignments (namely when S x 0 ami M ^ ()) ami they ;ir<‘ equal fur 
all these .assignments. However! the iiyer.se law above fails to In* strongly satisfied by 1 1 1 < * rationalsT 
because th<» two sides an* defined for different values. Similarlyf the e<jiiatioii 

(V S. A/: Nat) N * M = l/(< l/.V) * \ l/M)\ 

is neither strongly nor existentially satisfied by the rntionnlsFbernu.se tin* left side is defined for 
some assignments where the right is not (namely whenever .V = 0 or A/ = 0). These examples 
surest that strong satisfartion is also too strong. 

A third notion called weak satisfactionT is rhat.4 satisfies C 7 A" ) t = t ( iff for every assignment 
a: A — > AT if both a, it.) and nit') are definedr then they are equal. The difference between weak 
and strong satisfaction is illustrated by the equation 

(VA/. ;V : Nat) M - N = N - M F 

which is weakly satisfied on the natural numbers!" because both sides are defined ifFV = A/: howeverF 
it is neither strongly nor existentially satisfied by the naturals. Our intuition is that equations like 
the above should not be tnuTwhich implies that weak satisfaction is too weak. It is well known 
and easy to check that given a partial A-algebra .4 and a A-equation eF if.4 existentially satisfies 
c then .4 strongly satisfies eT and if.4 strongly satisfies e then .4 weakly satisfies e. 

A. 3 A Partial Equational Logic Institution 

Let Sign be the category of many sorted signaturesF and letSen : Sign — > Set bo the functor that 
gives for each signature A the set of all pairs (y.e) where 7 is a type of satisfactionF i.e. F an elenutn 
in the set { ireakT stroni/T existenatlal } ITand e is a A-equation. Let PAlg : Sign -e- Cat°^ be 
the functor that gives tor any signature A the category of partial A- algebras. If .4 is a partial 
A-algebra and e is a A-equationT let us write.4 ^^(y.e) whenever .4 partially 7 -satisfies e. Then 

Proposition 45 PEL = (Sign. Sen. PAlg. }.AGSign|} ls an institution. 

B Supersorted Order Sorted Equational Logic 

Goguen [26] shows how order sorted equational logic with retracts can effectively handle both 
calculations and proofs for partial functions. There are two order sorted approaches to partialityr 
one using subsorts of definition and the other using error supersorts [26]. Here we concentrate on 
the secondTand show how the partial algebra concepts can be naturally adapted to (total) order 
sorted algebra. As a consequenceTa new institution appears [26]rwhich we call supersorted order 
sorted equational logicT or simplyCSEL . 

B.l Supersorted Signatures 

Given an order sorted signature IT letOAlgs denote the category of all E-algebras with E-homo 
morphisms. Call an order sorted signature E with sort set 5 supersorted iff S is the disjoint union 
of subsets S' and 5 such that S' and S ! are isomorphic (as ordered sets)T with< the least ordering 
on S including S' and S (its ordered sets) such that s' < s? whenever s' G S' mid s? G S are 
corresponding sort symbols. Coll the sorts in S' pureFand given a E-algebra ATcall its elements 
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having sorts in V its pure elements. Alsu I' let us mil ;i E-algcbrjcl strict ill e; ul i of its operations 
returns an impure value whenever (one or more) ot its arguments is impure. 

Let a morphism of supersorted signatures!' from (Si.EG r<) < Sj. E-j ) V he a pair (/.</) 
when- J : b\ —f S, is such that f\*[) S.', and f(s { ) = (/(>[)) for eaeh S[ ^ S^faud where 

'/ “ {‘.hr,.*' (Ei ~ v (E-jjy,,,., f {s , [ is such that !f tr ,A a ) - Uuji* 7 ) whenever tv' — uT s' — t' 
and & <E ( Hi )„ >A . H ( E[ ) tt f . Notic e that / ran be restricted to source SJ and target S', T and let 
/' : S[ —*> denote such a restriction of /; note that /(//>)' ~ /'pc' l for every w ^ S{. If Sign 
denotes the supersorted signatures and their morphismsT then 

Fact 46 Sign is a rutryory. 

B.2 Super Satisfaction 

Ue preseut order sorted versions for the various kinds of partial satisfaction presented in Section 

A. l. Given a E-equation e = (\/X ) t = t'T w can make the following definitions: .4 existentially 
supersatisfies e iff for every pure assignment a : X — > AT botlia(d) and a(t f ) are pure and they are 
equal. Similarlyr .4 strongly supersatisfies e iff for every pure assignment a: X — > ATif either 
«U) or a (t f ) are purer then both are pure and they are equal. And finalIyIT.4 weakly supersatisfies 
c iff for every pure assignment a : X —> .4T ifu(t) and a(t') are both purer then they are equal. 

B. 3 The Supersorted Order Sorted Equational Logic Institution 

Let Sen : Sign — * Set denote the functor that maps a supersorted signature to the set of all pairs 
(y.c) where 7 is a type of supersatisfaction (i.e.T an elemert in the set {iveakrstronyre.risft'natial}) 
and r is a standard equation over that signature quantified with variables of non-error sorts 14 . Let 
OSAlg: Sign — » Cat' ,p be the usual functor that gives for any supersorted signature E the 
category of order sorted E-algebnis. If .4 is an order sorted E-algebra and e is a E-equationT let us 
write .4 (y.e) when .4 y-satisfies e. Then we have 

Fact 47 OS EL‘ = (Sign . Sen . OSAlg. {\=z Sig n i / 16 an if^tilution. 

B.4 Forgetting the Errors 

Let (5. E ) 5 = (S'. E') for any supersorted signature (S. E)T and note that S. E) ? is indeed a signature 
whenever (S. E) is a supersorted signatureT because the operations in E' only involve sorts in S'. 
Now if (f.y): (Si.Ei) — > (S 2 .E 2 ) is a morphism of supersorted signaturesrdefine (/,#)* to be 
the pair (f\g’) where g’ is the family {g' w , y : -4 (EJ,)/^.'}./^)} with g’ w , 3 ,{cr) = g w .,{cr). 

Then we have 

Fact 48 J* : Sign — ► Sign is a functor. 

We now define a natural transformation a: Sen _ b ; Sen as follows: for any supersorted 
signature (S. E) and any (S, E)-equation (y.e)r leta^y.e) be the (S'. E'j-equation obtained from 
( 7 . e) replacing each operation a : w — > s by a : w* — > s'. Then indeed 

Fact 49 a: Sen => J*; Sen is a natural transformation. 

Fact 50 Given a supersorted signature (S. E). then Uz- OSAlg(E) -* PAlg(E b ) is a functor. 
Moreover. U : OSAlg => _ b ;PAlg is a natural tmns format ion. 

l4 For Sen 7 to be a functor, we need the rather technical result that the equations quantified by non-error variables 
are mapped to equations quantified by non-error sorts. However, this is a consequence of the fact that non-error sorts 
are mapped to non-error sorts. 
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C Two Hidden Equational Logic Institutions 


I In n <U ' fwn i .itlit-i < I i 1 1 * • 1 1 ■ 1 1 f ways In present hidden logic as ;in institution in l.wo interesting waysT 
depending on whether t!i<. deelaraliou of an operation In he I ,« I i.tvioi ;il is considered part of the 
s^natinvl or as ascparate smtm.r: we first, approached tl.is issue in [32j. A thorough exposition 
m<l<lru algebra may hr found [.>”>]. 

roVir '! rSf : lllsUt,Ulonr y ,,I ' ot '‘'^EL 1 r f'olliws the institution of hidden algebra initially presented 
heri-m "I ' ,LSt ' ,t,,t,on ° f 'i vational logic in [.ioj Tan, l the coherent hidden algebra approach in 
Id ‘‘ W 11 ' f u s< ' 0,11 l^vv hit h we simply call HEL_>f seems more promising for future researcii. 
Our approach also avoids the infinitary logic used in ol.servational logic. Onlv the fixed-data case 
is invest lilted heref hut w hope to extend it to the loose-data case soon (see [ad for more on the 
terminology of hidden logic). We fix a data -algebra D. 

C.l The First Institution 

The institution HELj is built as follows: 

Signatures: The category Sign has hidden signatures over a fixed data algebra D as objects 
A morphism of hidden signatures 0: (IYEG (r,.E 2 ) Ls the identity on the visible signature 
Pr takes hidden scirts to hidden sortsr and if a behavioral operation ,) 2 in T 2 has an argument 
■sol in tiiHi) then there is some behavioral operation dj in Tj such that <)■■> = oi/h I. Sign is 
indeed a^categoryTand the composition of two hidden signature morphisms is another. Indeed r let 
7, :'7 J| 1 ^3- —3 ) *tnd let <i 3 be tin operation in T 3 having an argument sort in f o: c* * * Hi'\. 

ien <) 3 tas ,ui argument sort in e(// 2 )r so there is an operation^ in T 2 with d 3 - r(d 2 l. Also <v> 
has tin argument sort in so there is someth in Tj with d 2 = 0|t>i)- Therefore S 3 = Vo: enii iV 

i. c.l c*. f/’ is also a morphism oi hidden signatures. 

Sen^n^s: Given a hidden signature (T.Eiriet SenfUE) be the set of all E-equations. If 
t' (I i.-<x) -»• (r 2 .E 2 ) IS a hidden signature niorpliismr then Sen(o) is the function taking a 
-equation <? = (VA ) / = t' if q = t\ t n = t' n to the E 2 -equation 

'b(e) = \yx') o(t) = </,(<') if o ( < ! ) = 0(/' )..... of f„) = of Or 

wht it A is {.r . 0(- s ) | .t . > € A }. Then Sen : Sign — > Set is indeed a functor. 

M^ls: Given a hidden signature (T. E)Tlet Modfr.E) be the category of hidden E-algebras 
an< t eir morphisms. If <t>: (IYEi) (r 2 .E 2 ) is a hidden signature morphisml" thenMod(O) is 

the usual reduct funetorr.f,. Unlike [ir35]retc.rthis allows models where not all operations are 
congruent. 

Satisfaction Relation: behavioral satisfaction!" i.e.If= (r S) = 

Theorem 51 ga tisfaction Condition: Given 0: (IY EJ -+ (r 2 .E 2 ) a hidden signature mor- 
[ \ “r.‘ V 7 * = f' if q = t\ t n =t' n a Ei -equation, and .4 a hidden E-alqebm. then 

A Nsj 0(e) iff AU Nr 1 [ e- ' ' 


Proof: 


See [32r 55]. 


□ 


C.2 The Second Institution 

Our second institution views the declaration of a behavioral operation as a new kind of sentence! 1 
rather than part of a hidden signature. The notion of model also changesTadding an equivalence 
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nTifimi as in [Ij. 1 1 1 is is n ; 1 1 1 1 r ; 1 1 fur modern software < l ii^i 1 *« *ri since languages lilt Tuva j >r< >vi< I« * 

el; iss< \s with an ion denoted equals which serves this purpose. Sentences in [1] are pairs 

(r. A/I where A is a set ot terms (prety much like a cobasis over the derived signature) F vvhih are 
sat is lied by < -*i . — - ) itf (.4.~) satisfies e as in our case below (actually c is a first-order formula in 
their framework) and Fix a data algebra DU and proceed as folliws: 

Signatures: The category Sign has hidden signatures over D as ohjectsT with its morpliisnis 
0: Ei — > E_> the identity on the visible signature 'FT and taking hidden sorts to hidden sorts. 

Sentences: (liven a hidden signature Eriet Sen(E) be the set. of all E-equations unioned with 
E. If </) : E[ — > E:> is a hidden signature* morphismT then Sen(0) is the function taking a 

^[-equation r ~ ("7 A') / — t f if h — t\ t„ = t' n to the E-j-’eq nation 0 lV) = (V.Yh 0 |/) = 

if 0(h) = 0(t\) 0( t n ) = 0{t' n )r when; X' is the set : t p(s) | x : s £ A'fTand taking 

a : ... s n —r s to 0 f a) : 0 (.s A ) ... (p(s n ) —? 0 (.s). Then Sen: Sign — > Set is indeed a functor. 

Models: Given a hidden signature Eriet Mod(E) be the category of pairs M.~) where .4 is a 
hidden E-algebra and ~ is an equivalence relation on .4 which is identity on visible sortsT with 
morpliisnis /: (.4.^-) — > (.4'.^') with / : .4 — > A' a E-homomorphism such that f(^) C 
If 0 : E[ — *• S 2 is a hidden signature morphismF then Mod(0)Toften denoted .| 0 Tis defined as 
(.4.^) i 0 = (.4 \ 0 .~~ - 0 ) on objectsT where .4 f 0 is the ordinary many sorted algebra redact and 
=^o(m) I° r a ll sorts s of EiFand as f\ 0 : (.4.^)f 0 — > ( _4 / . ~ 7 ) f 0 on morpliisnis. Notice that 
indeed }', 0 (~f 0 ) C -Af o r soMod is w r ell defined. 

Satisfaction Relation: A E-model ( .4 . ~ ) satisfies a conditional E-equation (VAN t = t f if t\ = 

t\ t n ~ t' n iff for each 0: X -*■ .4T ifi 9(h) ^ i9( ) T ...Ii9 (t n ) 0{t' n ) then 0(t) - 0{t f ). Also 1.4. 

satisfies a E-sentence 7 £ E iff 7 is congruent for 

Theorem 52 Satisfaction Condition: Let <p: Ei — E> be a morphism of hidden signatm'es, let 
e be a E r -sentence and let (.4.—) be a model of E^. Then (.4.^) \=^ : 0(e) iff (.4 .-^)‘ 0 \=z { e- 

Proof: See [32 F 55]. □ 

This institution justifies our belief that asserting an operation behavioral is a kind of sentenceT 
not a kind of syntactic declaration as in the "extended hidden signatures" of [ 1 7] lo . Coind action 
now appears in the following elegant guise: 

Proposition 53 Given a hidden subsignature T of E. a set of E- equations E and a hidden E- 
' algebra A, then 

• (A, |=v E. T implies (A. =£) \=r E. F. 

• (A.=f) (= s r. 

• A \=l E iff (A.=l) E iff (,4.=£) EX. 

D A More Categorical Institution for Algebra 

This section develops universal algebra in a much more abstract categorical language than is usuair 
with satisfaction interpreted as injectivity; we show that this forms an institution. Interestinglyr 
the satisfaction condition becomes "‘almost equivalent ' 1 to the definition of adjoint functorT thus 
strengthening our belief in the essentiality of the original definition of institution in [29]. We 
assume the reader familiar with basic notions of factorization systems [36T 48], 

l 5 However, the most recent version of [ 21 ] treats coherence assertions as sentences. 
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Definition 54 [f .4 is ;i category ; 1 1 1 « I C is ;i class of mor[)lii.sms in .41 thru ;ui object I) is C- 
injective ill’ lor ; tt ly morphism r: .1 --> U in C and any morphism / : .1 — * D there are some 
morphisms 7 ; IJ I ) such that / — r;//. B 

Definition 55 It cLi-Al..*; ami are factorization systems lor categories .4 and 6 Fre- 

speci i velyT then a I'm ic tor/*: .4 — 6 is called ^-preserving iff E{£a) C cV ■ 

We begin with the observation that satisfaction ol equations in the tramework of universal 
algebra is equivalent to injectivity. Let. i is consider that .4 is the category ot universal or many 
sorted S-algebras over a (many sorted) signature S. Each equation ( V A ) t = t' generates a 
eongruenee relation on 7V(A) (the term algebra over variables in A )F which implicitly gives a 
surjective morphism c : 7V( A ) —r •. [t can be readily seen that an algebra D satisfies (VA ) t — t 
if and only if it is {c}- injective. ConverselyT each surjective morphism c of free algebra source 
generates an infinite set E of equations over variables in that free algebraF namely all pairs in 
its kernel. It can also be readily seen that an algebra is {e}-injective if and only if it satisfies 
all equations in E. ThereforeTsatisfaction of equations and C-injectivityr where C contains only 
surjective morphisms with free sources r are eqiirulent concepts in the framework of universal and/or 
many sorted algebra. 

It can be relatively easily shown [53] thatT gi a set of surjective morphisms of not necessarily 
free sources TC- injectivity is actually equivalent with C-injectivityr whereC' can be obtained from 
C and contains Only some special morphisms of free sourceF intuitively representing conditional 
equations. The institution that follows is therefore taking into consideration conditional equations. 

Definition 56 If C is a class of morphisms and Q is a class of objects in *4Fthen let L* be the 
chuss of all objects in A which are C-injectiveTand let Q £ be the class ot all morphisms in L such 
that each object in £> is Q^-inject.mT ® 

We will often say that the objects in C* "satisfy** the "formulas" in C. 

Fact 57 Given a chins of morphisms C hi .4 . the pair of operators (_*..*.) is a Galois connection 
between classes of morphisms in C and classes of objects in A. 

We can now introduce the following more or less standard notion: 

Definition 58 Given a class C of morphisms and Q a class of objects in *4T let <2* be the class of 
■ objects (Q£)T Then Q is C -injectively definable iff Q = Q£. ® 

We next show that the natural injectivity-based logic informally described above can be orga- 
nized as an institution: 

Signatures: Let Sign be the category having small categories admitting factorization systems ;is 

objects and 5 -preserving left adjoint functors as morphisms. 

Sentences: Let Sen: Sign — > Set be defined as Sen(*4) = £ 4 . Notice that Sen is indeed well 
defined. 

Models: Let Mod: Sign — * Cat op be defined as Mod(,4) = *4 and Mod(JF) is a right adjoint 
of T. Suppose that the right adjoints are chosen such that Mod is a functor. 

Theorem 59 Satisfaction Condition: Given an £ -preserving left adjoint functor T : B A 
o/U: A B, an object A € |.4| and a morphism e € Sq, then A f=^ T{e) iff U(A) | =*? e. 
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Proof: The proof follows immediately from properties of ;u 1 joint, fimctorsr ;unl so w 1 leave it /us 

;ni exercise. The following diagrams may help visualize tli is proof: 


.V V 

f'\ - ‘f 

U(A ) 


-R.Y) • 

\ 





F{Y) 


v 


□ 
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